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We consider a class of oriented hypersurfaces in hyperbolic space satisfying
∑n
r=0(c − n +
2r)
(n
r
)
Hr = 0, where Hr is the rth mean curvature and c is a real constant. We show how
this class is characterized by a harmonic map derived from the two hyperbolic Gauss
maps. By looking at hypersurfaces as orthogonal to a congruence of geodesics, we also
show the relation of such hypersurfaces with solutions of the equation u + ku n+2n−2 = 0,
where k ∈ {−1,0,1}. Finally, we apply the relation mentioned above to obtain examples
and geometrical results for the hypersurfaces.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
One of the famous problems in the crossroad between differential geometry and analysis is the Yamabe problem. Roughly
speaking, it consists on ﬁnding a complete Riemannian metric in a given conformal class with constant scalar curvature on
a compact manifold M . Its solution is based on the study of a P.D.E. on M , where the unknown function is basically the
conformal factor between the metrics. After Schoen’s ﬁnal solution of the original problem [15], there has been a great
activity in some of its variations. For instance, there are works on metrics with singularities and on the case where M has
non-empty boundary, [6,8,10,16]. In this context, an important special case is the one where the manifold is some domain
in Rn with the Euclidean metric. For this case, the problem reduces to understanding the solutions of
u + ku n+2n−2 = 0, (1)
where k ∈ {−1,0,1} and  is the Laplacian for the Euclidean metric.
Thus, (1) arises in the study of an interesting intrinsic problem. However, in the study of the special case mentioned
above, the analogy between the asymptotic behavior of metrics and asymptotic behavior of ends of constant mean curvature
surfaces in R3 has been stressed, [10]. This analogy strongly suggests that there is an extrinsic interpretation for (1).
In this work we offer such interpretation by considering a class of oriented hypersurfaces in the real (n+1)-dimensional
hyperbolic space satisfying a special linear relation between the rth mean curvatures. More precisely, we consider n-
dimensional hypersurfaces Mn satisfying
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r=0
(c − n + 2r)
(
n
r
)
Hr = 0,
where Hr is the rth mean curvature and c is a real constant. We shall call them c-Weingarten hypersurfaces for short.
In the 2-dimensional case, it seems that the corresponding surfaces were ﬁrst studied by C. Epstein [5]. More recently,
they were considered by Gálvez, Martínez and Mílan [7]. In [7], it was shown, among other things, that such surfaces admit
a Weierstrass representation in terms of holomorphic data. We also remark that c-Weingarten surfaces include as special
case two classes of surfaces that were ﬁrst studied by L. Bianchi [1], namely, ﬂat surfaces and surfaces with constant mean
curvature equal to one.
As an initial motivation for the consideration of c-Weingarten hypersurfaces, we shall characterize them as hypersurfaces
such that a certain map derived from the two hyperbolic Gauss maps is harmonic. Roughly speaking, using the hyperboloid
model, we show that the local correspondence between the images of the lifts, in the positive null cone of the (n + 2)-
dimensional Lorenz space, of the hyperbolic Gauss maps is a harmonic map if and only if the hypersurface is c-Weingarten.
Of course, we must suppose that this local correspondence is well deﬁned. The precise statement is our Theorem 1. This
characterization is in the spirit of Bianchi’s characterization of ﬂat surfaces in H3.
Note that, by the characterization given above, c-Weingarten hypersurfaces are invariant under parallel transformation,
i.e. if M is a c-Weingarten hypersurface then the same is true for hypersurfaces parallel to it (but not for the same value
of c).
By the preceding remark, it is natural to look at c-Weingarten hypersurfaces as hypersurfaces orthogonal to a congruence
of geodesics. We develop this idea working on the upper half-space model of Hn+1. After some geometrical considerations,
we deﬁne a congruence of geodesics in terms of a real smooth function ϕ : Ω ⊂ Rn → R and determine what condition
ϕ must satisfy in order that the orthogonal hypersurfaces associated to the congruence of geodesics are c-Weingarten
hypersurfaces. The result is the following (for a precise statement see Theorem 2): ϕ must be a solution of
ϕ + (n − 2)|∇ϕ|2 = c
K
e4ϕ. (2)
For n = 2, Eq. (2) reduces to the so-called Liouville equation. It is well known that the solutions of the Liouville equation
are generated in terms of meromorphic functions. In this way, we have an alternative Weierstrass representation for c-
Weingarten surfaces.
For n 3, by considering the transformation eϕ = c1uc2 , where c1 and c2 are appropriate constants, Eq. (2) becomes (1).
The relation between c-Weingarten hypersurfaces and solutions of (1) allows us to construct simple examples, and to
characterize them under suitable hypothesis. For instance, we prove that if M is a c-Weingarten hypersurface, n  3, such
that one speciﬁc hyperbolic Gauss map G− is a diffeomorphism onto Sn , then M is a geodesic sphere (Theorem 2), if G−
is a diffeomorphism onto Sn minus one point then M is a horosphere (Theorem 3) and if G− is a diffeomorphism onto Sn
minus two points (for c < 0) then M is a hypersurface of revolution (Theorem 4).
We also show that if G− is an immersion we may use the Alexandrov reﬂection technique to study them.
At ﬁrst sight, the appearance of (1) in the context of hyperbolic geometry is rather surprising. As an attempt to clarify
this point, we ﬁrst note that one of the main features of (1) is it’s invariance with respect to conformal transformations. It
turns out that our construction of parametrized hypersurfaces in terms of a smooth function ϕ is also conformally invariant,
in a sense explained in the end of Section 4. Therefore, one could expect that P.D.E.s for ϕ describing geometric invariants
of the hypersurfaces should be conformally invariant.
The consideration of a metric at inﬁnity deﬁned in terms of a family of parallel hypersurfaces might also shed some
light on this discussion. We remark that this metric was ﬁrst considered by C. Epstein [5], and for this reason, we shall
call it Epstein metric. The point is that Epstein metric is locally conformal to the Euclidean metric, and (1) also describes
a relation between two such metrics. The link between c-Weingarten hypersurfaces and (1) comes from the fact that the
scalar curvature of Epstein metric is, up to a constant factor, the c in the Weingarten relation. It is also worth mentioning
that this was noted by Epstein in the 2-dimensional case.
We believe that the relation between solutions of (1) and c-Weingarten hypersurfaces in hyperbolic space might give
rise to interesting problems in analysis related to geometric questions about the hypersurfaces, and vice-versa. One such
problem is the gluing of c-Weingarten hypersurfaces, inspired on the gluing of metrics with constant scalar curvature, [10].
This work is organized as follows. In Section 2 we have included some preliminaries. We ﬁrst establish some notation
for moving frames adapted to hypersurfaces in hyperbolic space. For the reader’s convenience, we also recall some models
for hyperbolic space and the deﬁnition of the hyperbolic Gauss maps. In Section 3 we prove the above mentioned char-
acterization of c-Weingarten hypersurfaces in terms of a certain harmonic map. Section 4 is devoted to the discussion of
hypersurfaces orthogonal to a congruence of geodesics. We establish some useful formulae relating the geometry of an or-
thogonal hypersurface with a function used to generate a congruence of geodesics. In Section 5 we perform the necessary
computations to establish the claimed relation between (1) and c-Weingarten hypersurfaces. In Section 6 we discuss some
simple examples derived from solutions of (1). In Section 7 we give a description of Epstein metric and proofs for Theo-
rems 2, 3 and 4. Finally, in Section 8 we show that, under a non-degenerate hypothesis, c-Weingarten hypersurfaces are
elliptic.
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In this work Hn+1 denotes the (n + 1)-dimensional real hyperbolic space. We shall consider oriented hypersurfaces Mn
immersed in Hn+1. For our calculations, we will use the hyperboloid and upper half-space models for Hn+1. For the reader’s
convenience we brieﬂy review the basics involving these two models.
2.1. Moving frames in Hn+1
We shall denote the n + 2 Lorentzian space by Ln+2, that is, Rn+2 with the inner product
〈x, y〉 = −x0 y0 +
n+1∑
i=1
xi yi, x = (x0, x1, . . . , xn+1) and y = (y0, y1, . . . , yn+1).
We shall look at Hn+1 as the set x ∈ Ln+2 such that 〈x, x〉 = −1, x0 > 0.
Let Mn ⊂ Hn+1 be an orientable hypersurface oriented by a smooth unit normal vector ﬁeld ν : M −→ T Hn+1.
Let eα,α = 0, . . . ,n + 1, be an orthonormal local moving frame in Ln+2 adapted to M , with an orientation compatible
with the orientation of M , that is ei, i = 1, . . . ,n, are vector ﬁelds tangent to M , e0 = x, x ∈ M , en+1 = ν . Let ωα , α =
0, . . . ,n + 1, be the dual frame, ωi j , i, j = 1, . . . ,n, be the connection forms of M and ωn+1 j = 〈den+1, e j〉, j = 1, . . . ,n, the
forms of the normal connection.
In what follows, the indices i, j,k are such that i, j,k ∈ {1, . . . ,n}. We have the following relations
de0 =
∑
i
ωiei, (3)
∇˜ei =
∑
j
ωi je j, (4)
den+1 = ∇¯en+1
=
∑
j
ωn+1 je j, (5)
where ∇˜ and ∇¯ denote, respectively, the Riemannian connections of M and Hn+1.
The forms ωi and ωi j also satisfy the following structure equations
dω j =
∑
i
ωi ∧ωi j, ωi j = −ω ji, (6)
dωi j =
∑
k
ωik ∧ωkj +ωin+1 ∧ωn+1 j +ωi ∧ω j, (7)
dωin+1 =
∑
k
ωik ∧ωkn+1. (8)
By Cartan‘s lemma, there is a smooth symmetric matrix function A = (hij) such that
ωin+1 =
∑
j
hi jω j . (9)
The matrix A represents the shape operator of M , A : TM −→ TM , given by A(V ) = −den+1(V ), in the base ei , i =
1, . . . ,n.
The eigenvalues k1,k2, . . . ,kn of the linear operator A are the principal curvatures of M . Finally, the rth-mean curvature,
Hr , of M is deﬁned by
Hr = Sr(A)(n
r
) ,
where, for integers 0 r  n, Sr(A), is deﬁned by
S0(A) = 1,
Sr(A) =
∑
1i1<···<irn
ki1ki2 . . .kir .
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Let p ∈ M , where M is a smooth oriented hypersurface immersed in Hn+1. Consider an oriented geodesic of Hn+1 passing
through p and orthogonal to M at p. This geodesic has two limit points in ∂∞Hn+1, the ideal boundary of Hn+1. If we ﬁx
an orientation for the geodesics orthogonal to M we have two maps deﬁned on M . Namely, associate to p ∈ M the initial
limit point and ﬁnal limit point of the oriented geodesic orthogonal to M .
If we ﬁx an orientation of M this determines an orientation for the geodesics orthogonal to M . For a ﬁxed orientation
we shall denote respectively by G+ : M → ∂∞Hn+1(G− : M → ∂∞Hn+1) the map that associates to p ∈ M the ﬁnal (initial)
limit point of the geodesic (oriented by the chosen orientation of M) through p and orthogonal to M . These are called the
hyperbolic Gauss maps of M .
In terms of moving frames adapted to M we write G+ = [e0 + en+1] and G− = [e0 − en+1] where the brackets indicate
the class under the equivalence relation of being in a straight line in the positive null cone N+ of Ln+2. It is standard to
identify ∂∞Hn+1 with the quotient of N+ under this equivalence relation. The reader may consult [2] for more details.
We shall also consider the natural lifts of G+ and G− deﬁned by G˜+ = e0 + en+1 and G˜− = e0 − en+1.
3. A characterization of c-Weingarten hypersurfaces in terms of a harmonic map
We begin with a deﬁnition.
Deﬁnition 1. An oriented hypersurface in Hn+1 is said to be a c-Weingarten hypersurface if
n∑
r=0
(c − n + 2r)
(
n
r
)
Hr = 0, (10)
where Hr is the rth mean curvature and c is a real constant.
A well-known result in differential geometry says that the Gauss map of a surface in R3 is harmonic if and only if the
surface has constant mean curvature. In the same vein, we want to characterize c-Weingarten hypersurfaces in terms of the
harmonicity of a natural map related to the hyperbolic Gauss maps.
A conceptual problem is that there is no natural metric deﬁned on ∂∞Hn+1. However, by looking at Hn+1 as a subman-
ifold of Ln+2, and using local moving frames adapted to an oriented hypersurface M , we may consider the natural lifts of
the hyperbolic maps. Namely, G˜+ and G˜− , and look at the images of M under these maps. Now, using the metric induced
by the metric in Ln+2 on G˜−(M) and G˜+(M), it makes sense to ask the following question: When is the local correspon-
dence G˜− → G˜+ a harmonic map? We may look at this map as locally deﬁned on G˜−(M) and with values in G˜+(M) ⊂ N+ ,
provided that G˜− is an immersion. A basic observation is that the harmonicity of this map has a meaning in hyperbolic
geometry. Indeed, orientation preserving isometries of Hn+1 are restrictions of linear maps in Ln+2 that preserve the Lorentz
metric. The answer for the above question is the following.
Theorem 1. Let M be an oriented hypersurface in Hn+1 . Suppose that the hyperbolic Gauss maps G− and G+ (with respect to the
given orientation) are immersions. Then the local correspondence G˜− → G˜+ is a harmonic map if and only if M is c-Weingarten.
Proof. Let eα , α = 0, . . . ,n+1, be an orthonormal moving frame in Ln+2, adapted to M and compatible with the orientation
of M , that is, ei , i = 1, . . . ,n, are vector ﬁelds tangent to M , e0 = x, x ∈ M and en+1 = ν coincides with the orientation of
M . Let ωα , α = 0, . . . ,n + 1, be the dual frame, ωi j , i, j = 1, . . . ,n, the connection forms on M and ωn+1 j = 〈den+1, e j〉,
j = 1, . . . ,n, the forms of the normal connection.
The lifts of the hyperbolic Gauss maps of M are given by
G˜+ = e0 + en+1,
G˜− = e0 − en+1.
Thus, from (3), (5) and (9) we have
dG˜+ =
∑
i
(ωi +ωn+1i)ei
=
∑
i
(
ωi −
∑
j
hi jω j
)
ei, (11)
dG˜− =
∑
i
(ωi −ωn+1i)ei
=
∑(
ωi +
∑
hijω j
)
ei . (12)i j
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det(dG˜−) = det(I + A)
=
n∑
r=0
(
n
r
)
Hr . (13)
It follows from (13) that G− is an immersion if and only if
n∑
r=0
(
n
r
)
Hr(x) = 0, ∀x ∈ M.
Now, since by hypothesis G+ is an immersion, we deﬁne local moving frames, e+i and e
−
i , in G˜+(M) ⊂ N+ and G˜−(M) ⊂
N+ , respectively, satisfying the conditions: e+i ◦ G˜+ = ei and e−i ◦ G˜− = ei .
The correspondent dual frames are given, respectively, by (ω+i )G˜+ = ωi and (ω−i )G˜− = ωi . We shall denote by ω+i j and
ω−i j , respectively, the associated connection forms.
We have,
G˜∗+
(
ω+i j
)= ω+i j (dG˜+)
= 〈de+i ◦ dG+, e+j 〉G+
= 〈dei, e j〉
= ωi j, (14)
G˜∗+
(
ω+i
)= ωi(dG˜+)
= ωi
(∑
k
(
ωk −
∑
j
hkjω j
)
ek
)
=
∑
j
(δi j − hij)ω j . (15)
And, in a similar way,
G˜∗−
(
ω−i j
)= ωi j,
G˜∗−
(
ω−i
)=∑
j
(δi j + hij)ω j . (16)
As G− is an immersion the matrix I + A is invertible and, from (15) and (16), it follows that(
G˜+ ◦
(
G˜−1−
))∗(
ω+i
)= (G˜−1− )∗ ◦ G˜∗+(ω+i ) (17)
= (G˜∗−)−1(∑
j
(δi j − hij)ω j
)
(18)
=
∑
j,a
(δi j − hij)γ jaω−a , (19)
where (γaj) is the inverse of I + A. In the sequel, we assume that a,b ∈ {1,2, . . . ,n}. Let
f ia =
∑
j
(δi j − hij)γ ja
= −δia + 2γia. (20)
Now, from the formulation of harmonicity in terms of moving frames (see [4] or [17]), G˜+ ◦ G˜−1− is harmonic if and only
if ∑
a
Liaa = 0, i = 1,2, . . . ,n, (21)
where Liaa is deﬁned by the equation
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∑
j
f i jω
−
ja +
∑
j
f ja
(
G˜+ ◦ G˜−1−
)∗(
ω+i j
)=∑
b
Liabω
−
b ,
dfia −
∑
j
f i jω
−
ja +
∑
j
f jaω
−
i j =
∑
b
Liabω
−
b . (22)
By writing
dfia =
∑
b
f ia,bω
−
b ,
ω−i j =
∑
b
αi j,bω
−
b ,
it follows that (22) is equivalent to
f ia,b −
∑
j
f i jα ja,b +
∑
j
f jaαi j,b = Liab.
Thus ∑
a
Laai =
∑
a
faa,i −
∑
a, j
fajα ja,i +
∑
a, j
f jaαaj,i
=
∑
a
faa,i − 2
∑
a, j
fajα ja,i
=
∑
a
faa,i + 2
∑
a, j
f jaα ja,i .
Therefore, (21) is equivalent to (
∑
a faa)i = 0, or, to∑
i
f ii = c, (23)
where c is a constant.
Using (20) and (23) we obtain
−n + 2
det(I + A)
∑
i
cofactor(1+ hii) = c,
−n
(
n∑
r=0
Sr(A)
)
+ 2Sn−1(I + A) = c
(
n∑
r=0
Sr(A)
)
,
(c + n)
(
n∑
r=0
Sr(A)
)
− 2
n−1∑
r=0
(n − r)Sr(A) = 0,
n∑
r=0
(c − n + 2r)
(
n
r
)
Hr = 0. 
Remark. For simplicity, we have assumed that G+ is an immersion in the previous theorem to use the deﬁnition of
harmonic maps between Riemannian manifolds. The extension of the deﬁnition of harmonic maps taking values in a pseudo-
Riemannian manifold allows one to drop the assumption on G+ .
4. Orthogonal hypersurfaces to a congruence of geodesics
In this section we shall describe hypersurfaces in the upper half-space model of Hn+1 as orthogonal hypersurfaces to
a congruence of geodesics. More precisely, we shall write Hn+1 = {x = (x1, x2, . . . , xn+1) ∈ Rn+1; xn+1 > 0} with the metric
gij = δi jx2n+1 , and identify ∂∞H
n+1 with Rn with coordinates (x1, x2, . . . , xn).
A congruence of geodesics is given locally by a smooth map f : Ω ⊂ Rn −→ Rn , where Ω is an open set in Rn , with no
ﬁxed points, that is f (x) = x, ∀x ∈ Ω . To each pair (x, f (x)) ∈ Ω × Rn , we associate the unique geodesic of Hn+1 with x and
f (x) as limit points.
Now, suppose that this congruence of geodesics admits orthogonal hypersurfaces. If this is the case, we may parametrize
them by a map X : Ω ⊂ Rn −→ Hn+1 in the following manner
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X(x) = σ(x) + R(x)(cos θ(x)v1(x) + sin θ(x)vn+1), (24)
where
σ(x) = f (x) + x
2
, R(x) = | f (x) − x|
2
, v1(x) = f (x) − x| f (x) − x| ,
vn+1 = (0,0, . . . ,0,1), and θ(x) is a solution of the integrable system
θxi =
sin θ
R
〈σxi , v1〉e, i = 1,2, . . . ,n, (25)
where 〈, 〉e and |, | are, respectively, the Euclidean inner product and norm in Rn (see Fig. 1, and [13]).
A straightforward computation gives that the integrability conditions for the system (25) is given by(
ai
|h|2
)
x j
=
(
a j
|h|2
)
xi
,
where h(x) = f (x) − x = (a1(x), . . . ,an(x)).
Thus, the system (25) is integrable, if and only if the 1-form
ω =
∑ ai
|h|2 dxi,
is closed. If Ω is co-homologically trivial then there exists a smooth function ϕ : Ω −→ R such that dϕ = ω, or, ∇ϕ = h|h|2 ,
where ∇ denotes the standard gradient operator in Rn .
Furthermore, when ω = dϕ it is easy to check that the general solution for the system (25) is given by
ln
(
1− cos θ
sin θ
)
= − ln |∇ϕ| + 2ϕ + k,
where k is a constant. By taking the exponential on both sides of the above expression and manipulating we have
cos θ = K |∇ϕ|
2e−4ϕ − 1
1+ K |∇ϕ|2e−4ϕ , (26)
sin θ = 2
√
K |∇ϕ|e−2ϕ
1+ K |∇ϕ|2e−4ϕ , (27)
where K = e−2k .
The proposition below gives the expression of the coeﬃcients of the ﬁrst and second fundamental forms of orthogonal
hypersurfaces parametrized by (24).
Proposition 1. Let Ω ⊂ Rn be an open set and X : Ω −→ Hn+1 a parametrized hypersurface given by (24). Then, the coeﬃcients of
the ﬁrst and second fundamental forms for the immersion X are given, respectively, by
gij = 14R2
(
δ
〈
(h + x)xi , (h + x)x j
〉
e + (ai,x j + a j,xi + 2δi j) + δi jδ−1 +
Ai A j − αiα j
4R2
)
, (28)
li j = − 14R2
(
δ
〈
(h + x)xi , (h + x)x j
〉
e − δi jδ−1
)
, (29)
where gij = 〈Xxi , Xx j 〉, li j = −〈Xxi , ∇¯Xx j ν〉, ∇¯ is the connection on Hn+1 ,
ν = R sin θ(sin θ v1 − cos θ vn+1), (30)
h(x) = f (x) − x = (a1(x), . . . ,an(x)),
δ = 1+ cos θ ,1− cos θ
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αi = Ai + 2ai .
Proof. To begin with, we note that
Rxi =
Ai
4R
, (31)
θxi =
αi sin θ
4R2
. (32)
Let γ = cos θ v1 + sin θ vn+1. We have
〈Xxi , Xx j 〉 =
1
R2 sin2 θ
〈Xxi , Xx j 〉e, (33)
where 〈, 〉e is the Euclidean inner product. Thus,
〈Xxi , Xx j 〉e =
〈
σxi + (Rγ )xi , σx j + (Rγ )x j
〉
e. (34)
Using (31) and (32) we shall compute the terms that appear in (34). We have〈
(Rγ )xi , (Rγ )x j
〉
e =
Ai A j
16R2
+ R2〈γxi , γx j 〉e, (35)
〈σxi , σx j 〉e =
1
4
〈hxi ,hx j 〉e +
1
2
(ai,x j + a j,xi + 2δi j), (36)〈
σxi , (Rγ )x j
〉
e =
〈
σxi ,
(
h
cos θ
2
)
x j
〉
e
= cos θ
4
〈hxi ,hx j 〉e +
ai,x j cos θ
2
− αiα j sin
2 θ
16R2
, (37)
〈γxi , γx j 〉e =
αiα j sin
2 θ
16R4
+ cos2 θ〈v1,xi , v1,x j 〉e. (38)
We also have that
〈v1,xi , v1,x j 〉e =
〈(
h
2R
)
xi
,
(
h
2R
)
x j
〉
e
= − 1
4R2
(
Ai A j
4R2
− 〈hxi ,hx j 〉e
)
. (39)
Using (39) and (38) we obtain
〈γxi , γx j 〉e =
1
4R2
(
αiα j sin
2 θ − Ai A j cos2 θ
4R2
+ cos2 θ〈hxi ,hx j 〉e
)
. (40)
Thus, from (34)–(40) it follows that
〈Xxi , Xx j 〉e =
(1+ cos θ)2
4
〈hxi ,hx j 〉e +
(1+ cos θ)
2
(ai,x j + a j,xi ) + δi j −
αiα j sin
2 θ + Ai A j(cos2 θ − 1)
16R2
= 1
4
(
(1+ cos θ)2〈(h + x)xi , (h + x)x j 〉e + (1− cos2 θ)(ai,x j + a j,xi + 2δi j)
+ (1− cos θ)2δi j + (1− cos
2 θ)(Ai A j − αiα j)
4R2
)
. (41)
Finally, the expression (28) for the gij follows from (33) and (41).
Now, let N be given by N = sin θ v1 − cos θ vn+1. We have
〈Xxi , ∇¯Xx j ν〉 =
1
R sin θ
〈Xxi ,Nxj 〉e + cos θ〈Xxi , Xx j 〉, (42)
〈Xxi ,Nxj 〉e = 〈σxi + Rxiγ + Rγxi , θx jγ + sin θ v1,x j 〉e. (43)
Computing each term that appears in (43), we obtain
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cos θαi
4R
, (44)
〈σxi , v1,x j 〉e = −
1
4R
(
αi A j
4R2
− 〈hx j , (h + 2x)xi 〉e), (45)
〈γxi , v1,x j 〉e = −
cos θ
4R2
(
Ai A j
4R2
− 〈hxi ,hx j 〉e
)
. (46)
Thus, from (43)–(46) we obtain
〈Xxi ,Nxj 〉e = −
sin θ
16R3
(
cos θ(Ai A j − αiα j) + αi A j − α j Ai − 4R2
(
(1+ cos θ)〈hxi ,hx j 〉e + 2ai,x j
))
. (47)
In this way, by symmetry, it follows from (47) that
〈Xxi ,Nxj 〉e =
1
2
(〈Xxi ,Nxj 〉e + 〈Xx j ,Nxi 〉e)
= − sin θ
16R3
(
cos θ(Ai A j − αiα j) − 4R2
(
(1+ cos θ)〈hxi ,hx j 〉e + ai,x j + a j,xi
))
. (48)
Therefore, from (28), (42) and (48) we have that the li j are given by (29). 
In the proposition below, we derive expressions for the fundamental forms for the case where the closed one form is an
exact differential.
Proposition 2. Let Ω ⊂ Rn be an open set and X : Ω −→ Hn+1 be a smooth parametrized hypersurface given by (24). If there
exists a smooth function ϕ : Ω → R such that ∇ϕ = h|h|2 , then the matrices g, l of the ﬁrst and second fundamental forms in this
parametrization are given, respectively, by
g = (gij) = 1
λδ
(δB + λI)2, (49)
l = (li j) = 1
λδ
(
λ2 I − δ2B2), (50)
where B = H − 2M + λI , H = Hess(ϕ), M = (ϕxiϕx j ) and λ = |∇ϕ|2 and δ = K |∇ϕ|2e−4ϕ , K being the constant that appears in
(26) and (27).
Proof. In this case we have
h = (a1,a2, . . . ,an)
= 1
λ
(ϕx1 ,ϕx2 , . . . , ϕxn ). (51)
Thus,
Ai = 〈h,hxi 〉e
= 1
2
(
1
λ
)
xi
. (52)
From (51) and (52) we obtain
Ai A j − αiα j
4R2
+ ai,x j + a j,xi =
2
λ
(ϕxi x j − 2ϕxiϕx j ), (53)〈
(h + x)xi , (h + x)x j
〉
e =
1
λ2
(〈∇ϕxi ,∇ϕx j 〉e − λxiϕx j − λx jϕxi )+ 2ϕxi x jλ + δi j . (54)
From (54) it follows that
〈
(h + x)xi , (h + x)x j
〉
e =
B2
λ2
. (55)
Finally, the proposition follows from (28), (29), (53) and (55). 
To end this section, we note that the method to obtain parametrized hypersurfaces from a function ϕ has a geometric
meaning in the sense that it is well behaved with respect to conformal transformations. More precisely, let T : Rn −→ Rn
be a conformal transformation and Ω˜ = T (Ω). Now, it is well known that a conformal map such as T extends naturally to
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new congruence of geodesics. It is not hard to see that this new congruence of geodesics can be described by a function,
say, ϕ˜ deﬁned on Ω˜ . A natural question is: what is the relation between ϕ˜ , ϕ and T ?
The relation is the following
ϕ˜(y) = (ϕ ◦ T−1)(y) + α(y),
where, for x ∈ Ω , y = T (x) and α is given by
α(y) = − 1
2n
ln
∣∣det(dTT−1(y))∣∣.
In other words, ϕ and ϕ˜ are related as if e4ϕ and e4ϕ˜ where, respectively, the conformal factor of a metric conformal to
the Euclidean metric and the conformal factor of the pullback of this metric with respect to a conformal transformation T .
Before giving a proof of the above, we note that α(y) = 0 if T is an (Euclidean) isometry, α(y) = − 12 ln |λ| if T (x) = λx
and α(y) = − 12 ln(|y|2) if T (x) = x|x|2 .
Now
f (x) = x+ ∇ϕ(x)|∇ϕ(x)|2 ,
and
f˜ (y) = y + ∇ϕ˜(y)|∇ϕ˜(y)|2
describe, respectively, the congruence of geodesics deﬁned by ϕ and ϕ˜ . The two congruences are related in such way that
f˜ (y) = T ◦ f ◦ T−1(y), which implies
T
(
T−1(y) + ∇ϕ(T
−1(y))
|∇ϕ(T−1(y))|2
)
= f˜ (y). (56)
We may view ϕ˜ as an unknown function in (56). Since ϕ˜ is unique up to a constant, it suﬃces to check that ϕ˜(y) =
(ϕ ◦ T−1)(y) + α(y) is a solution.
The cases where T is an isometry or a dilation are straightforward. For an inversion, T (x) = x|x|2 , the computation is quite
long and we shall limit ourselves to indicate the main steps.
Let F (y) be the left-hand side of (56). It is not hard to show that
F (y) = |∇ϕ(T
−1(y))|2 y + |y|2∇ϕ(T−1(y))
〈y + ∇ϕ(T−1(y)), y + ∇ϕ(T−1(y))〉e .
After a long computation, one obtains
∇ϕ˜(y) = −2〈y,∇ϕ(T
−1(y))〉e
|y|4 y +
∇ϕ(T−1(y))
|y|2 −
y
|y|2 .
Finally, it follows from the above expression that F (y) = f˜ (y).
Thus, the above transformation law for ϕ under conformal transformations gives us a hint that there might be some link
between hypersurfaces in hyperbolic space and conformally invariant P.D.E.s. Our aim in the next section is to show that
this is indeed true.
5. c-Weingarten hypersurfaces and the conformal scalar curvature equation
In this section we state and proof the connection between c-Weingarten hypersurfaces and solutions of (2) related to
metrics conformal to the Euclidean metric that have constant scalar curvature.
Theorem 1. Let Ω ⊂ Rn be an open set and let X : Ω −→ Hn+1 be a smooth parametrized hypersurface given by (24) and oriented
by the normal ﬁeld N = sin θ v1 − cos θ vn+1 . Suppose that there exists a smooth function ϕ : Ω → R such that ∇ϕ = h|h|2 . Then X is
c-Weingarten if and only if ϕ is a solution of
ϕ + (n − 2)|∇ϕ|2 = c
K
e4ϕ,
where , ∇ denote, respectively, the standard Laplacian and gradient operators in Rn and K is the constant that appears in (26).
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1
λδ
(δB + λI)2 and l = 1
λδ
(λ2 I − δ2B2). Thus, the matrix of the shape operator of M is
A = g−1l
= 2λ(δB + λI)−1 − I. (57)
It is not hard to check that for a real invertible symmetric n × n matrix D we have
Sr(I + D) =
r∑
j=0
(
n − j
r − j
)
S j(D),
Sr(cD) = cr Sr(D),
where c is a real constant, and
Sr
(
D−1
)= Sn−r(D)
Sn(D)
.
Using the relations above, it follows that
Sr(A) = (−1)r
r∑
j=0
(
n − j
r − j
)
S j
(−2λ(δB + λI)−1)
=
r∑
j=0
(−1)r+ j2 jλ j
(
n − j
r − j
)
Sn− j(δB + λI)
Sn(δB + λI)
= 1
Sn(δB + λI)
r∑
j=0
n− j∑
l=0
(−1)r+ j2 jδlλn−l
(
n − j
r − j
)(
n − l
j
)
Sl(B).
Therefore, it follows that X satisﬁes (10) if and only if
n∑
r=0
r∑
j=0
n− j∑
l=0
(−1)r+ j(c − n + 2r)2 jδlλn−l
(
n − j
r − j
)(
n − l
j
)
Sl(B) = 0,
n∑
l=0
n−l∑
j=0
n∑
r= j
(−1)r+ j(c − n + 2r)2 jδlλn−l
(
n − j
r − j
)(
n − l
j
)
Sl(B) = 0. (58)
Let
pl =
n−l∑
j=0
n∑
r= j
(−1)r+ j(c − n + 2r)2 j
(
n − j
r − j
)(
n − l
j
)
=
n−l∑
j=0
2 jq j
(
n − l
j
)
, (59)
where
q j =
n∑
r= j
(−1)r+ j(c − n + 2r)
(
n − j
r − j
)
. (60)
We have that
q j = (c − n)
n− j∑
s=0
(−1)s
(
n − j
s
)
+ 2
n− j∑
s=0
(−1)s(s + j)
(
n − j
s
)
= (c − n + 2 j)
n− j∑
s=0
(−1)s
(
n − j
s
)
+ 2
n− j∑
s=0
(−1)ss
(
n − j
s
)
(61)
Using the following identities
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s=0
(−1)s
(
k
s
)
= 0 if k 1 and
k∑
s=1
(−1)ss
(
k
s
)
= 0 if k 2,
we obtain from (61) that
q j = 0, j = 0, . . . ,n − 2,
qn−1 = −2,
qn = c + n.
Thus, from (59), we have
pl = 0, l = 0,1,
p1 = −2n,
p0 = c2n.
Therefore, (58) is equivalent to
cλS0(B) − δS1(B) = 0,
or
ϕ + (n − 2)λ = cλ
δ
.
From (26) we have δ = Kλe−4ϕ , which ends the proof. 
6. Examples
In this section we construct simple examples of c-Weingarten hypersurfaces from the well known explicit solutions
of (2). For the analysis below, it is convenient to make the following change of variables.
Let n 3, c ∈ R and k = −1 if c > 0, k = 0 if c = 0 and k = 1 if c < 0.
Deﬁne
ρ = 1 if k = c = 0, ρ =
(
kc(2− n)
K
) n−2
4
if kc < 0 and u = ρe(n−2)ϕ . (62)
A short calculation shows that ϕ is a solution of (2) if and only if u is a positive solution of (1).
From the well known explicit solutions of (1) we obtain the following solutions of (2).
a) For the case c  0 we have
ϕ(x) = −1
2
ln
(
a2|x− x0|2 + α2
)
,
where x0 ∈ Rn , a = 0, α2 = − cnKa2 , x ∈ Rn if c = 0 and x ∈ Rn − {x0} if c = 0.
If c = −n, the hypersurfaces in Hn+1 associated to these solutions are totally umbilical, with principal curvatures greater
or equal to one (in absolute value). In other words, geodesic spheres or horospheres.
In fact,we have
δB + λI = λ
(
c + n
n
)
I.
Thus, the matrix for the shape operator A is given by
A =
(
n − c
n + c
)
I.
b) If c > 0 we have
ϕ(x) = −1
2
ln
(
α2 − a2|x− x0|2
)
where x0 ∈ Rn , a = 0 and x ∈ Rn satisfying |x− x0| < |α |, α2 = c 2 .a nKa
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(in absolute value). In other words, equidistants to a geodesic hyperplane. In fact, the matrix for the shape operator A is
given by
A =
(
n − c
n + c
)
I.
c) If we choose cK = 2−n4 a2, a > 0, then
ϕ(x) = −1
2
ln
(
a|x− x0|
)
,
where x0 ∈ Rn , x ∈ Rn −{x0}, are solutions for (2). The associated hypersurfaces are the equidistants hypersurfaces to a ﬁxed
geodesic. In fact, we have, h(x) = 2(x0 − x), σ(x) = x0, R = |x− x0|, and θ is constant.
d) For n 3 and c = 0 the non-constant radial solutions of (2) are given by ϕ(x) = 1n−2 ln(a|x− x0|2−n + b), where a and
b are real constants, such that both cannot be negative, a = 0, and x0 and x ∈ Rn with x such that
|x− x0| <
(
−b
a
) 1
2−n
if a < 0,
|x− x0| >
(
−b
a
) 1
2−n
if a > 0 and b 0,
x ∈ Rn if a,b > 0.
A long computation shows that the associated rotational hypersurfaces have proﬁle curves α(s) = (α1(s),α2(s)) given by
α1(s) = r
[
1− Q r
n−2
2a
(1+ cos θ)
]
,
α2(s) = Q r
n−1
2|a| sin θ,
if r = |x− x0| = 0, where Q = ar−n+2 + b and cos θ and sin θ are given, respectively, by (26) and (27).
e) For c < 0, we have a one parameter family of periodic hypersurfaces of revolution. This family is in some sense
analogous to the family of Delaunay surfaces in R3. Let u = f (r), where r =
√∑n
i=1 x2i . Then u is a solution of (1) if and
only if f is a solution of
f ′′ + (n − 1) f
′
r
+ kf n+2n−2 = 0. (63)
Let f (r) = r 2−n2 u(t), where t = − ln(r). It follows that f is a solution of (63) if and only if u = u(t) is a solution of
u′′ −
(
n − 2
2
)2
u + ku n+2n−2 = 0. (64)
If k = 1, then Eq. (64) has the following explicit solution u(t) = α(cosh t) 2−n2 , where α = (n(n−2)4 )
n−2
4 . The associated
hypersurface is a geodesic sphere.
When k = 1, Eq. (64) has a family of positive periodic solutions. These are called Fowler solutions, see for instance [8].
From now on, this is the case we will consider.
Let u = u(t) be a solution of (64). Following the analysis in [8], we shall consider the following change of variables
s =
t∫
t0
u(t)
2
n−2 dt.
Then v(s) = u(t(s)) is a solution of the following equation
vv ′′ + 2
n − 2 v
′2 + v2 − v 2(n−4)n−2 = 0. (65)
Thus, if we deﬁne
t =
s∫
s0
v(s)
2
2−n ds,
it follows that u(t) = v(s(t)) are solutions of (64).
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ϕ(x) = 1
n − 2 ln
(
r
2−n
2 v
ρ
)
,
∇ϕ = −n − 2+ 2v
′v
4−n
n−2
2r2(n − 2) x,
h = − 2(n − 2)
n − 2+ 2v ′v 4−nn−2
x,
σ = 2v
′v
4−n
n−2
n − 2+ 2v ′v 4−nn−2
x,
δ = − c(n − 2+ 2v
′v
4−n
n−2 )2
4(n − 2) v
4
2−n .
Thus, the associated hypersurface is a hypersurface of revolution with a proﬁle curve given by α(s) = (α1(s),α2(s))
where
α1(s) = 2v
′v
4−n
n−2
n − 2+ 2v ′v 4−nn−2
r − r(n − 2)
n − 2+ 2v ′v 4−nn−2
cos θ and α2(s) = r(n − 2)|n − 2+ 2v ′v 4−nn−2 |
sin θ,
where cos θ and sin θ are given, respectively, by (26) and (27). Note that r(s + T ) = r0r(s), where r0 is a positive constant.
Therefore, the associated hypersurface is invariant under the isometry, described in the upper half-space model as, p ∈
Hn+1 → r0p.
Remark. For n = 4 the solutions of (65) are given explicitly by v(s) =
√
1− A cos(√2s + b), where A and b are real constants.
7. Geometric interpretation and applications
The appearance of (1) related to c-Weingarten surfaces can be partly explained in a geometrical manner by appealing to
what we shall call Epstein’s metric at inﬁnity g∞ [5]. The point is that this metric is locally conformally ﬂat and this gives
us a hint that there could be some relation between (1) and hypersurfaces in hyperbolic space.
This metric is deﬁned as follows. Consider an oriented smooth hypersurface M ⊂ Hn+1 and the parallel hypersurface Mt
at distance t , in the positive direction deﬁned by the orientation of M . If Mt is a smooth hypersurface, we shall denote by
g(t) the metric of Mt , and we consider it as a metric on M . As t goes to minus inﬁnity, the metric g(t) certainly blows up,
so, following Epstein, we normalize it to get a ﬁnite limit. We shall consider the following
gˆ(t) = e2t g(t),
and consider the limit metric, Epstein metric,
g∞ = lim
t→−∞ gˆ(t).
This is a well deﬁned metric on M as long as G− is an immersion, see [5]. Note that the above deﬁnition for g∞ is geometric
and therefore coordinate independent.
An interesting property of g∞ is that, when G− is an immersion, it is always locally conformal to the standard Euclidean
metric. To see this, without loss of generality, we may suppose that M admits a local parametrization as in (24). Now, it
is not diﬃcult to see that if K is the arbitrary constant that appears in (26), then the corresponding constant for Mt is
Kt = Ke2t . Thus,
gt = 1
λδt
(δt B + λI)2 =1
λ
(
δt B
2 + 2λB + δ−1t λ2 I
)
,
where δt = Ktλe−4ϕ . Now, if we rescale gt by
gˆt = e2t gt,
and take the limit t → −∞, we have
g∞ = lim
t→−∞ e
2t e
4ϕ
λ2Ke2t
(
δ2t B
2 + 2δtλB + λ2 I
)= 1
K
e4ϕ I.
Therefore, g∞ is locally conformal to the Euclidean metric, with conformal factor given by 1 e4ϕ .K
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Theorem 2. Let n 3 and M be a compact c-Weingarten hypersurface such none of its principal curvatures is equal to −1, then M is
a geodesic sphere.
Proof. By the hypothesis on the principal curvatures of M , the map G− is an immersion. Since M is compact and G−
takes its values on ∂Hn+1  Sn , by a standard covering map argument, we conclude that G− is a diffeomorphism onto
∂Hn+1  Sn .
We also note that if M is a c-Weingarten hypersurface such that G− is an immersion then g∞ has constant scalar
curvature. In fact, using our local parametrization (24), we know that ϕ satisﬁes (2). On the other hand, the scalar curvature
R∞ of a metric conformal to the Euclidean metric with conformal factor 1K e
4ϕ is
R∞ = −4K
n
e−4ϕ
(
ϕ + (n − 2)|∇ϕ|2).
Therefore, using (2), we see that R∞ is constant.
Since G− is a diffeomorphism, we may pull back g∞ to ∂Hn+1  Sn . Now, a result due to Obata [11] states that the
only conformally ﬂat metrics deﬁned on Sn and having constant scalar curvature are, up to a pullback under a Möbius
transformation, homothetic to the standard round metric on Sn .
So, possibly after an ambient isometry of Hn+1, which corresponds to a Möbius transformation on ∂Hn+1  Sn , we may
suppose that g∞ is homothetic to the round metric on Sn .
By stereographic projection, we may then rewrite g∞ as conformal to the Euclidean metric of Rn . In other words, we
may write
g∞ = 4Λ
(1+ r2)2 I,
where Λ is the homothetic factor, r the radial coordinate and I the identity matrix.
On the other hand, we have seen that g∞ = 1K e4ϕ I .
The point is that the two expressions for g∞ allows us to conclude that
ϕ = −1
2
ln
(
κ
(
1+ r2)),
where κ is a positive constant.
It is immediate to check that ϕ as above generates a geodesic sphere. 
The same technique allows us to prove the following.
Theorem 3. Let n  3 and M be a complete c-Weingarten hypersurface homeomorphic to Rn such that G− is a diffeomorphism onto
∂Hn+1 minus a point p, then M is a horosphere.
Proof. As in the proof of Theorem 2, if M is a c-Weingarten hypersurface such that G− is an immersion then g∞ has
constant scalar curvature.
Thus, we can pullback g∞ to ∂Hn+1  Sn , and, after a stereographic projection, with respect to p, look at it deﬁned in
Rn . In this way we would have an entire solution for Eq. (1), with k being 1, 0 or −1.
Now, k cannot be −1, for this would imply a positive solution of (1) deﬁned on Rn . But such a solution does not exist.
Indeed, the a priori estimate given in [9] assures that the value of u(x0), where u is a solution of (1), for k = −1, deﬁned
on a ball of radius r centered at x0 satisﬁes
u(x0)
(
n(n − 2)) n−24 r 2−n2 .
Since r and x0 can be arbitrary, u vanishes identically.
If k = 1, the global solutions are known, see [3], and it is immediate to check that they generate a geodesic sphere minus
a point, which is not complete.
Finally, if k = 0, Liouville’s theorem for harmonic functions immediately implies that the solution of the Laplace equation
is constant, and therefore the metric with constant scalar curvature must be homothetic to the Euclidean metric. Now, to
see that such a metric comes from a horosphere, one may look at Rn as ∂Hn+1 minus a point, and consider an inversion
with respect to the unit ball in Rn as the induced Möbius transformation by some ambient isometry of Hn+1. In this way,
we write g∞ as
g∞ = Λ
r4
I,
where r is the radial coordinate, Λ > 0 and I is the identity matrix.
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ϕ(x) = ln r
(λK )1/4
,
which corresponds to a horosphere. 
As a last application, we prove the following.
Theorem 4. Let n 3 and M be a complete c-Weingarten hypersurface, with c < 0, homeomorphic to Sn minus two points such that
G− is a diffeomorphism onto ∂Hn+1 minus two points, then M is a hypersurface of revolution.
Proof. As M is c-Weingarten and G− a diffeomorphism onto its image, we will have a metric with constant scalar curvature
deﬁned on the sphere minus 2 points. Without loss of generality, we may assume that these points are antipodal points
and by the arguments in [10], using the results of [3], the metric must be rotationally invariant and therefore M must be a
hypersurface of revolution. 
Remark. Since there are other techniques to study the case n = 2, for simplicity, we have restricted ourselves to n 3.
8. Alexandrov reﬂection for c-Weingarten hypersurfaces
In this section we will show that one can use the geometric version of Alexandrov reﬂection for c-Weingarten hypersur-
faces, provided that G− is an immersion.
It suﬃces to show that the so-called linearized operator is elliptic for c-Weingarten hypersurfaces.
Proposition 3. Let Mn ⊂ Hn+1 be a c-Weingarten hypersurface such that G− is an immersion. Then Eq. (10), i.e.,
n∑
r=0
(c − n + 2r)
(
n
r
)
Hr = 0,
where c is a real constant, is elliptic.
Proof. Eq. (10) is elliptic if and only if the associated linearized operator L is elliptic, where L is given by (see, [12] or [14])
L( f ) =
n∑
r=1
(c − n + 2r)div(Tr−1∇ f ), f ∈ D(M), (66)
where D(M) is the ring of differentiable functions deﬁned on M , ∇ is the gradient operator on M and Tr is the rth Newton
operator with respect to the second fundamental form of M . Namely, we have
Tr = Sr I − Sr−1A + · · · + (−1)r A.
The principal part of L( f ) at a point p is given by
Q ( f ) =
n∑
i,r=1
(c − n + 2r)Λir−1ei
(
ei( f )
)
,
where {ei}ni=1 is a local orthonormal frame that diagonalizes A at p, ∇˜ei e j(p) = 0, and Λir−1, 1 i  n, are the eigenvalues
of Tr . Now, Q ( f ) is elliptic if and only if all the coeﬃcients
qi =
n∑
r=1
(c − n + 2r)Λir−1
=
n∑
r=1
(c − n + 2r) ∂ Sr
∂ki
(67)
have the same sign.
We have
∂ Sr
∂ki
=
∑
1i1<···<ir−1n, i j =i
ki1 . . .kir−1 = Sr−1(k1, . . . , k̂i, . . . ,kn),
where “k̂i” means that the factor is absent in the expression.
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n∑
r=0
Sr(k1, . . . ,kn) = det(A + I) = (k1 + 1) · · · (kn + 1) = 0,
for all points of M .
Thus, Eq. (10) is satisﬁed if and only if
c =
∑n
r=0(n − 2r)Sr
(k1 + 1) · · · (kn + 1) . (68)
Substitution of (68) in (67) yields
qi =
∑n
r=0(n − 2r)Sr
ki + 1 + 2− n +
n∑
r=2
∑
1i1<···<ir−1n, i j =i
(2r − n)ki1 . . .kir−1
= 1
ki + 1
(
2+
n−1∑
r=1
∑
1i1<···<irn, i j =i
(n − 2r)ki1 . . .kir +
n∑
r=2
∑
1i1<···<ir−1n, i j =i
(2r − n)ki1 . . .kir−1
)
= 1
ki + 1
(
2+
n−1∑
r=1
∑
1i1<···<irn, i j =i
(n − 2r)ki1 . . .kir +
n−1∑
l=1
∑
1i1<···<iln, i j =i
(2l + 2− n)ki1 . . .kil
)
= 2(k1 + 1) · · ·
̂(ki + 1) · · · (kn + 1)
ki + 1 . (69)
Therefore, the proposition follows from (69). 
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